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HONGJIE DONG 

Abstract. By using some recent results for divergence form equations 
obtained in [TO], we study the L p -solvability of second-order ellip- 
tic and parabolic equations in nondivergence form for any p G (l,oo). 
The leading coefficients are assumed to be in locally BMO spaces with 
suitably small BMO seminorms. We not only extend several previous 
results by Krylov and Kim [14]- [18] to the full range of p, but also deal 
with equations with more general coefficients. 



1. Introduction 

1 2 

In this paper, we study the W p ' -solvability of parabolic equations in 
nondivergence form: 

Pu-Xu = f, (1.1) 
where A > is a constant, / S L p , and 

Pu = —ut + a^DjkU + V DjU + cu. 

We assume that all the coefficients are bounded and measurable, and a jfe 
are uniformly elliptic, i.e., for some K > and 5 G (0, 1], 

|^'| + |c|<^, \a jk \<6, 5\C\ 2 < ai k et k < (T 1 !^ 2 . 

If all the coefficients are time-independent, we also consider the W^-solvability 
of elliptic equations in nondivergence form: 

Lu-Xu = f, (1.2) 

where 

Lu = a^Djkii + W DjU + cu. 

The main purpose of this paper is to show how the recent results obtained 
in [7] [TU] for divergence form equations can be used to i) overcome the 
restriction p > 2 in the L p -theory of nondivergence form equations with 
partially BMO coefficients developed by Krylov and Kim in |14|-|18j: ii) 
extend the results to systems as well as equations with a more general class 
of coefficients. 
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There is a vast literature of the L p theory of second-order parabolic and 
elliptic equations with discontinuous coefficients. It is of particular interest 
because of its various important applications in nonlinear equations and 
its subtle links with the theory of stochastic processes. For instance, one 
implication of the L p -solvability of parabolic equations in nondivergence 
form is the weak uniqueness of solutions to associated ltd equations. 

For equations with uniformly continuous leading coefficients, the solvabil- 
ity is classical. The L p theory of second-order equations with discontinuous 
coefficients was studied extensively in the last three decades. One important 
class of discontinuous coefficients contains functions with vanishing mean os- 
cillation (VMO), the study of which was initiated in [3] about twenty years 
ago and continued in [5] and [2]; see also [26j EH 02] an d the references 
in [22] . The proofs in [H [2] are based on the Calderon-Zygmund esti- 
mate and the Coifman-Rochberg-Weiss commutator estimate. Before that, 
the L p theory had been established for some other types of discontinuous 
coefficients; see, for instance, [25] and [6]. 

In [21] , Krylov gave a unified approach to investigating the L p -solvability 
of both divergence and nondivergence form parabolic and elliptic equations 
with a 13 VMO in the spatial variables (and measurable in the time variable 
in the parabolic case). The proofs in [21] rely mainly on pointwise estimates 
of sharp functions of spatial derivatives of solutions together with the Stein- 
Fefferman theorem and the Hardy-Littlewood theorem. By doing this, VMO 
coefficients are treated in a rather straightforward manner. This result was 
later improved and generalized in a series of papers [7J-[II], [H]-[IH], and 
|22]- |23)1 . For other results about equations and systems with VMO/BMO 
coefficients, we refer the reader to [TJ [3] and references therein. 

In contrast, the theory of elliptic and parabolic equations with partially 
VMO coefficients is quite new, and was orig inated in [IT]. In [T7] the W*- 
solvability for any p > 2 was established for nondivergence form elliptic 
equations with leading coefficients measurable in one variable and VMO in 
the others. This result was extended in [18] to parabolic equations. For 
nondivergence form parabolic equations, further extensions were made later 
in |14^ [T5| [TB] , in which most leading coefficients are measurable in the time 
variable as well as one spatial variable, and VMO, or BMO with small semi- 
norms, in the other variables. In all these papers, except for some special 
cases, it is always assumed that p > 2. The corresponding results for diver- 
gence form equations were proved more recently in [7J EJ [10] by using the 
idea of "breaking the symmetry" of the coordinates and applying a general- 
ized Stein-Fefferman theorem proved in [23]. In these papers, the solvability 
is obtained for any p S (l,oo) thanks to a standard duality argument for 
divergence form equations. 



*Although the results in some of these papers are claimed for equations with VMO 
coefficients, the proofs there only require a IJ to have locally small mean oscillations. 
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Roughly speaking, the restriction p > 2 mentioned above is due to the 
following reason. In [17], for instance, a sharp function estimate is deduced 
from the -solvability of equations with a 13 depending only on x , which 
is obtained by using the method of Fourier transforms. In turn, the right- 
hand side of the estimate contains maximal functions of q-th power of D 2 u 
for some q > 2, which can be made arbitrarily close to 2. Therefore, to apply 
the Fefferman-Stein theorem and the Hardy-Littlewood maximal function 
theorem one requires p > q > 2. 

Thus, a natural question is: 

Do we still have the L p -solvability for nondivergence equa- 
tions with a 13 in the class of [2]-[I7j when p gets below 2? 

In other word, we would like to understand whether the condition p > 2 in 
these papers is necessary, or merely due to technical reasons in the method 
used. This is one of the motivations of this article. A partial answer to this 
question can be found in Kunstmann [19J, in which the author extended the 
result in [18] from p G (2, oo) to p G (po,oo) for some po G (1,2) in the 
special case that a 13 are time-independent. 

In this article, we shall give an affirmative answer to this question in 

1 2 

full. One of our main results is the W p ' -solvability of nondivergence form 
parabolic equations for any p G (1, oo) (stated in Theorems 12.21 and 12.3ft . 
under the assumptions that a 13 are partially BMO. More precisely, a 13 are 
assumed to be measurable in one spatial direction and the time variable, and 
have locally small mean oscillations in the other variables; additionally, we 
assume a 11 to be measurable in one spatial direction (or the time variable) 
and have locally small mean oscillations in the others; see Section [2] for the 
definitions. Consequently, we derive the W 2 -solvability of nondivergence 
elliptic equations for any p G (1, oo), when a 13 are in the class of [17J. We also 
obtain the solvability for nondivergence form parabolic and elliptic systems 
with partially BMO coefficients, which, to the best of our knowledge, is new 
even when p > 2; see Remark 15.31 Moreover, the method used in this paper 
allows us to treat more general coefficients, i.e. "hierarchically" partially 
BMO coefficients; see Section [6l 

Now we give a brief description of our methods. In order to get below 2, 
we first establish for any p G (l,oo) the iyp' 2 -solvability of parabolic equa- 
tions with a 11 depending only on either t or x , and a 13 ,ij > 1 depending 
only on (t,x x ) as stated in Theorems 13.11 and 14.11 To this end, our idea is 
that in this situation the equation can be rewritten into a divergence form 
after a suitable change of variables, so that some results recently proved 
in [7] and [10] for divergence form equations can be applied; see Appen- 
dix. In some sense, this idea is reminiscent of the classical argument of 
deriving from the De Giorgi-Moser-Nash estimate the C 1,a regularity for 
nondivergence elliptic equations with measurable coefficients on the plane; 
see, for instance, [I2j §11.2]. Secondly, we bound D 2 u and ut by a portion 
of D 2 u and Pu. Finally, we get a sharp function estimate of the portion of 
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D 2 u by using the Krylov-Safonov interior Holder estimate. The above three 
steps are combined together to prove Theorems 12.21 and 12.31 by applying the 
Fefferman-Stein theorem and the Hardy-Littlewood maximal function the- 
orem. Of course, the Krylov-Safonov estimate is not applicable to systems, 
for which case we use a bootstrap argument to get an interior Holder esti- 
mate. To deal with equations with hierarchically partially BMO coefficients, 
in Section [6] we first need to establish the corresponding solvability results 
for divergence form equations with the leading coefficients in the same class. 
This is achieved by exploiting the aforementioned idea in [3 13 CEO] of "break- 
ing the symmetry" of the coordinates and running an induction argument 
on the number of the coordinates. 

1 2 

We note that the W p ' -solvability results in this paper admit an extension 
to the mixed norm spaces W q ' tP by following the idea in [22J; see also, for 
instance, [16] and [7J. Here we do not pursue this, and leave it to the 
interested reader. 

A brief outline of the paper: in the next section, we introduce the notation 
and state some main results, Theorems 12.21 12.31 and 12.51 Section [3] and H] 
are devoted to the proof of Theorems 12.21 and 12.31 We give a generalization 
of Theorems 12.21 to systems in Section [5j Finally, in Section [6] we discuss 
equations with hierarchically partially BMO coefficients. 

2. Notation and some main results 

2.1. Notation. Let d > 1 be an integer. A typical point in R d is denoted 
by x = (x 1 , . . . , x d ) = (x 1 , x'). We set 

DiU = u x i, Diju = u x i x j, Dtu = ut- 

By Du and D 2 u we mean the gradient and the Hessian matrix of u. On many 
occasions we need to take these objects relative to only part of variables. 
We also use the following notation: 

D x /u = u x 't D x i x iu = u x i x i, D xx iu = u xx i . 

Throughout the paper, we always assume that 1 < p, q < oo unless explicitly 
specified otherwise. By N(d,p, . . .) we mean that A?" is a constant depending 

only on the prescribed quantities d,p,l, For a function f(t, x) in R d+1 , 

we set 

{f)v = r^r / f(t,x)dxdt= f f(t,x)dxdt, 
\ u \ Jv Jv 

where T> is an open subset in M. d+l and \T>\ is the d+l-dimensional Lebesgue 
measure of T>. For — oo < S < T < oo, we denote 

Wp' 2 ((S,T) x R d ) = |u : u,u tl Du,D 2 u G L p ((S,T) x , 

Hl((S,T) x R d ) = (1 - A)^ 2 W^ 2 ((S,T) x R d ), 
E^" 1 ((5,T) x R d ) = (1 - A) 1 / 2 L P ((5,T) x R d ). 
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We also use the abbreviations L p = L p (R d+1 ), U\ = Hl(R d+1 ), etc. For any 
T € (—00,00], we denote 

K T = (-oo,T), 4 +1 =R T xR ,i . 

For any integer k > 1 and x G R k , we denote B^{x) to be the k- 
dimensional cube 

{y G R k I max \y % - x l \ < r}. 

i 

Set 

Q k (t,x) = (t-r 2 ,t)xB k (x), B k = B k (0), Q k r = Q k r (0,0). 
In case k = d or d — 1, we use the abbreviations 

B r {x) = B*(x), Qr{t,x) = Qf{t,x), 

B' r (x') = B d r -\x'), Q' r {t,x') = Q d -\t,x'). 

Let 

Q = [Q r (t,x) : (t,x) G R d+ \re (0,oo)} . 

For a function g defined on R d+1 , we denote its (parabolic) maximal and 
sharp function, respectively, by 

Mg(t,x)= sup / \g(s,y)\dyds, 
QeQ-.(t,x)eQ J Q 

g#(t,x)= sup / \g(s,y) - (g) Q \dyds. 
QeQ-.(t,x)eQ J Q 

2.2. Main results without the hierarchical structure. To illustrate 
the main idea, first we deal with the coefficients considered before in |14j - 
|18j . We assume that ,ij > 1 are measurable in x 1 and t, and have locally 
small mean oscillations in the other variables. In addition, we assume that 
a 11 are measurable in t (or x 1 ) and have locally small mean oscillations in 
the others. To state the assumptions on a 13 precisely, for R > 0, we denote 

Qjjl — sup sup + \a u (t,x) — a u (t)\dxdt, 

(Jo^oJeR^ 1 r<R J Q r (to,xo) 

a>R2 = SU P SU P T \a u (t,x) — a 11 ^ 1 )] dx dt, 

(to,a;o)effi d + 1 r<R J Q r (t ,x ) 

Or= sup sup sup + \a l3 \t,x) — a t] {t,x l )\ dxdt, 

{to,x )eM.<l+i r<R(i,j)^(l,l) JQ r (t ,x ) 
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where for each Q r (to,xo), 

d n (t) = I a n (t,x)dx, 

J B r {x ) 

a ll (x 1 ) = j- a 1 (s,x ,y') dy' ds, 

a^(t,x 1 )=-f a^(t,x\y')dy' 1 (z,j) ^ (1,1)- 
•> B' r (x' ) 

We shall impose part of the following assumptions on the leading coefficients. 
Assumption 2.1 (7). 

i) There exists a positive constant Rq such that a Ro |^ < 7. 

ii) There exists a positive constant Rq such that cl Rq | 2 < 7- 

iii) There exists a positive constant Rq such that a^ () < 7. 

Next we state a few results of the paper. 

Theorem 2.2. For any p G (1, 00), there exists 07 = 7(d, 5,p) > such that 
under Assumption \2.1\ (j) i) and iii) for any T G (—00, +00] the following 
holds. 

i) For any u G Wp' 2 (R^ +1 ), 

A H' u IIl p (4+ 1 ) + ^W Du Wl p (^ +1 ) + W D2u h P (R d T +1 ) + INI.M14+ 1 ) 

<iV||p u _An|| Lp(4+1) , (2.1) 

provided that A > Ao, where Xq > depends only on d,5,p,K, and Rq, and 
N depends only on d, 5 and p. 

ii) For any A > Ao and f G L P (IR^ +1 ) J t/iere exzsis a unique solution 
u G VKp 1,2 (]R^ +1 ) 0/ equation (HHD in k£ +1 . 

raj In i/ie case i/iai a 11 = a ll (t), a jfe = a^ k {t, x 1 ),jk > 1 and ^ = c = 0, 
we can ta&e Ao = in i) and ii). 

In Section [5l we will extend Theorem 12.21 to parabolic systems under the 
same regularity assumption on the leading coefficients. 

Theorem 2.3. For any p G (1, 00), there exists = 7(cZ, 6,p) > such that 
under Assumption \2.1\ (j) ii) and iii) for any T G (—00, +00] the following 
holds. 

i) For any u G Wp' 2 ^^ 1 ), we have (|2,ip provided that A > Ao, where 
Ao > depends only on d,8,p,K, and Rq, and N depends only on d,6 and 
p. 

ii) For any A > Ao and f G L p (R^~ l ), there exists a unique solution 
u G Wp ,2 (M.p~ 1 ) of equation §TQ) in M.^ +1 . 

iii) In the case that a 11 = a 11 (x 1 ), a jfc = a^ k (t, x 1 ), jk > 1 andV = c = 0, 
we can take Ao = in i) and ii). 
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As a consequence of Theorem EH we obtain the Wp -solvability of second- 
order elliptic equations in nondivergence form with partially BMO coeffi- 
cients with locally small semi-norms. For this purpose, we assume that a lJ , 
b l , c and / are independent of t. For R > now we denote 

a* = sup sup sup + \a^(x) — a* 3 ' (a; 1 )! dx, 

x €R d r<R i,j J B r (x ) 

where for each B t {xq) and (i,j), 

a l V)= / a^{x\y')dy'. 

JB' r (x' ) 

Assumption 2.4 (7). There exists a positive constant Rq such that a^ o < 
7- 

Theorem 2.5. For any p G (l,oo), there exists 07 = j(d,5,p) > such 
that under Assumption ^. 4\ (j) the following holds. 

i) For any u G W^(R d ), 

M\ u \\L p (Rd) + ^>\\ Du \\l p (r*) + \\ D2 u\\ Lp (Rd) < N\\Lu - \u\\ Lp(Rd) , 

provided that A > Ao, where Ao > depend only on d, 6,p, K and Rq, and N 
depends only on d, 8 and p. 

ii) For any A > Ao and f 6 L p (M. d ), there exists a unique solution u G 
Wp(R d ) of equation ([L2} in K d . 

Hi) In the case that oJ k = a^ k (x 1 ) and b 3 = c = 0, we can take Ao = in 
i) and ii). 

In Section [6l we shall extend Theorems 12.21 12-31 and 12.51 to equations 
with more general coefficients. Roughly speaking, we allow hierarchically 
partially BMO coefficients. This is also one of the main advances of this 
paper. For example, when d = 3, Assumption 16.21 means: a 11 is measurable 
in x 1 and has small mean oscillation in (t,x 2 ,x 3 ); a 12 , a 21 and a 22 are 
measurable in (t, x 1 ) and has small mean oscillation in (x 2 ,x 5 ); finally, all 
the other a 13 are measurable in (ijX 1 ,^ 2 ) and has small mean oscillation in 
x 3 . 

3. Proof of Theorem 12.21 
We prove Theorem 12.21 in this section. Let 

Pqu = -u t + a^DijU, 

where a 11 = a n (t) and a*- 7 = a? 3 fax 1 ) for ij > 1. 

Our proof relies mainly on the following solvability result. 



8 H. DONG 

Theorem 3.1. Let p G (l,oo) and T G (—00,00]. Then for any u G 
Wp^iRp- 1 ) and X > 0, we have 

X W u \\L p (R d T +1 ) + ^W Du \\L p (R d T +1 ) + W d2u Wl p {^) + IMIl p (4 +1 ) 

<N\\P u-\u\\ Lp{K+l) , (3.1) 

where N = N(d,p,5) > 0. Moreover, for any f G L P (M.^ +1 ) and A > there 
is a unique u G VFp' 2 (IR^ +1 ) solving 

P u-Xu = f in R^ +1 . 

Proof. First we assume T = 00. By the method of continuity, it suffices to 
prove the a priori estimate (|3.ip . Also we can assume u G Cq° by a density 
argument. Let / = Po u — Note that 

- ut + a u Dlu + A d _iu -\ u = f+Y, {kj ~ a ij )D ijU . (3.2) 

ij>l 

By using Theorem 5.5 of [22], the left-hand side of (|3.ip is less than 

Thus, we only need to prove 

\\D x M\ Lp < N\\f\\ Lp . (3.3) 
Rewrite operator Pq into divergence form 

d d 
P u = -u t + D 1 (a 11 D 1 u) + Yj D i + a jl )D lU ) + ^ Dj(a ij Diu). 

j=2 i,j=2 

Clearly, for k = 2,...,d, D k u satisfies 

P (D k u)-XD k u = D k f. 

Owing to Proposition IA.31 we have the "Hp-estimate of divergence form par- 
abolic equations with leading coefficients under the condition of the theorem 
(and a lJ not necessary to be symmetric). Therefore, we get 

\\D xx ku\\L p < N\\f\\ Lp . 

This gives (|3.3p and completes the proof of the theorem when T = 00. 
For general T G (—00,00], we use the fact that u = w for t <T, where 

12 

w G W p ' solves 

Pqw -Xw = xt<r(Pou - Xu). 
The theorem is proved. □ 

An immediate corollary of Theorem 13.11 is the following solvability result 
of the initial value problem. 
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Corollary 3.2. LetpG (l,oo) andT G (0,oo). Then for any f G L p ((0,T)x 
R d ) and A > there is a unique u G W p ' 2 ((0, T) x M d ) solving Pqu — Xu = f 
in (0,T) x M. d and n(0, •) = 0. Moreover, we have 

M\ u \\L p ((o,T)xR d ) + V / A||-Dn|| Lp (( 0>T ) xR d) + \\D 2 u\\ Lp (( ^ xR d) 

+ IKIlL p ((0,T)xIR d ) - ^11^0^ - ^|IXj,((0,T)xR d )! 

where N = N(d,p,8) > 0. 

To prove the solvability for general operator P, we need the following 
Holder estimate, which is an immediate consequence of the Krylov-Safonov 
estimate. 

Lemma 3.3. Let p G (l,oo), d > 2, k > 2, and r > 0. Assume that 
u G and -Po 14 = in Q Kr . T/ien f/jere exist constants N = N(d,p,5) and 
a = a(d,p,5) G (0, 1] such that for any multi-index 7 = (7 , Y), 



ID 7 



Proof. Since LZ) 7 n = in Q Kr , it suffices to concentrate on 7 = 0. By 
using scaling we reduce the general situation to the one in which r = 1. By 
Lemma 4.2.4 of |20] and Theorem 7.21 of M 



osc u < Nk a \\u\\ L (Ql) 

with a and iV as in the statement. Scaling this estimate shows that 

oscu < NK- a {\u\ p )]l p . 

It only remains to observe that 

\u - (u) Ql \ p dx dt < iV(osc uf. 

Qi 

The lemma is proved. □ 

Theorem 3.4. Let d > 2, p G (l,oo) and let a be the constant in Lemma 
\3.3l Then there is a constant N depending only on d,p, 5 such that for any 



u G Wpf oc> r G (0, 00), and k > 4 



{\D 2 x ,u(t,x) - (B 2 x ,u) Q J) Qr < NK d+2 (\P u\% Kr + N K -v<* {\D 2 x ,u\*) QKr . 

Proof. The theorem follows from Corollary 13.21 and Lemma I3.3| see, for 
instance, the proof of Theorem 4.5 [TT]. □ 



Next we generalize Theorem 137 



Theorem 3.5. Let d > 2, p G (l,oo) and let a be the constant in Lemma 
23 7 > 0, r, a G (1, 00), 1/r + 1/cx = 1. Assume = c = and u G Wp 1 ' 2 . 
Then under Assumption \2.1\ (j) i) and Hi) there exists a positive constant 
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N depending only on d, p, 5, and r such that, for any (to,xo) E 
r E (0,oo) ; and k > 4, 

(\D 2 x ,u(t,x) - (D 2 x >u)Q r (t ,x )\ p ) Qr{t0!X0) 

< A^+ 2 (\Pu\n QKrit0 , X0) +N^^ (\D 2 u\nZ(t ,. 0) 

+ NK-P«(\Dl,u\ P ) QKrM , (3-4) 

provided that u vanishes outside Qr ■ 



Proof. Set / = Pu. We fix (t ,x ) G R d+1 , k > 4, and r G (0,oo). Choose 
Q to be Q Kr (iO)^o) if ^ r < -Ro an d Q_r if nr > Rq. Recall the definitions 
of a n (t) and a 13 (t) given before Assumption 12. 1 1 i) and iii), respectively. We 
set 

/ = ~u t + d tj DijU. 
by Theorem 13.41 with an appropriate translation and a in place of a, 



J Qr(to,XO) 



<NK d+2 (\f\ p ) +N K -P a (\D 2 x ,u\ p ) n (3.5) 

V ' jQ Kr (to,X ) U X ' J Q*r(t ,X )> V ) 

where N depends only on d, p and 5. By the definition of /, 

! \f\ p dxdt<N f \f\ p dxdt + NI, (3.6) 



where 



! \(d ij - a ij )D ljU \ p dxdt 

J Qnr(to,X ) 



\(d ij -a ij )D ijU \ p dxdt. 

lQKr(to,xo)nQn 
By Holder's inequality, we have 

/ < Nl\ ,(T ll /r , (3.7) 

where 

h = J2 i \d ij -a ij \ pa dxdt, 

ij JQKr(to,x )nQ Ro 



I 2 = I \D 2 u\ pT dxdt. 

J Q K . r (tn,xn) 



'Q K r(to,Xo) 

Due to Assumption 12.11 (7) i) and iii) 



h<J2 f \a ij - a ij \ pu dxdt < N~/\Q\ < N(Kr) d+2 ~f, 
id J ® 

where \Q\ is the volume of Q. This together with (|3.5p - (|3,7p yields (|3.4p . 
The theorem is proved. □ 
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Lemma 3.6. Assume b l = c = 0. For any p G (1, oo) there exists a constant 
7o = 1o(d,5,p) > such that under Assumption \2.1\ (jo) i) for any u E 
Cq^XQrq), we have 

\\D 2 u\\l p + \\ut\\ Lp < N\\Pu\\ Lp + N\\D 2 x ,u\\ Lp , (3.8) 

where N = N(d,5,p). In particular, in case d = 1, we have 

\\D 2 u\\ Lp + \\ut\\ Lp < N\\Pu\\ Lp . 

Proof. We write 

-u t + a ll D\u + A d _iu = Pu + ( S ij ~ a ij )D ijU . 

ij>i 

The coefficients on the left-hand side above was studied in [21] . By Corollary 
3.7 [21], it holds that 

\\D 2 u\\ Lp + \\u t \\ Lp < N\\Pu\\ Lp + N\\D xx ,u\\ Lp . 

Finally, to conclude (|3.8p it suffices to notice that for any e > 0, 

\\D x iM\L p <e\\D 2 U \\ Lp + N(d,p)£- l \\D 2 x ,u\\ Lp , (3.9) 

which is deduced from 

\\D x i x ,u\\ Lp < N\\Au\\ Lp < N\\D 2 lU \\ Lp + N\\D 2 x ,u\\ Lp 

by scaling in x 1 . □ 

Lemma 3.7. Let p G (l,oo) and / £ L p . Assume b l = c = 0. T/ien t/iere 
exist positive constants 7 and N depending only on d,p and 5 such that 
under Assumption \2.1\ (j) i) and Hi), for any u E Wp' 2 vanishing outside 
Qr and satisfying Pu = f, we have 

\\ut\\L p + \\D 2 u\\ Lp <N\\f\\ Lp . 

Proof. The case d = 1 follows from Lemma 13.61 In the sequel, we assume 
d > 2. We fix two numbers q = (1 +p)/2 £ (l,p), r = (1 + 3p)/{2 + 2p) G 
(l,oo) so that p > rq. Let a and 70 be the constants in Lemma 13.31 and 
Lemma 1331 respectively. Let 7 G (0,7o) be a number to be specified later. 
Inequality (|3.4p with q in place of p implies that on R rf+1 

(D 2 x ,u)* < N^ d+2 V q M l / q {\f\ q ) 

+ iV K ( d + 2 )/'?7 1 /(^) M i/(gr)^| jD 2 n | (? r) + ^-"M 1 /^!^^! 9 ). 

We apply the Fefferman-Stein theorem on sharp functions, which reads that 
for p G (1, 00) the L p norm of a function is bounded by the L p norm of its 
sharp function, and the Hardy-Littlewood maximal function theorem, which 
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reads that the L p norm of the maximal function is bounded by the L p norm 
of the function itself. We then get 



\D 2 x ,u\\ Lp < N\\(D 2 x ,u)#\\l p < NKV+*>'<\\mf\ q )t£ /q 

< N^ d+2 ^\\f\\ Lp + N (>+ 2 )/<y /(9<T) + K -<A \\jjp u 



L 



P' 



where in the last inequality we use the fact that p > rq. From this estimate 
and Lemma |3, 61 we have 



\D 2 u\\ Lp + \\u t \\ Lp < N^^n^ + NU^^j^+K--) \\D 2 u\\ Lp 



To finish the proof of the lemma, it suffices to choose a large k and then a 
small 7 so that 

n (>+ 2 )/<y /(9<T) + K~ a ) < i/2. 

□ 

Now we are ready to prove Theorem 12.21 

Proof of Theorem \2.2l To prove i) , as in the proof of Theorem 13-H we only 
need to verify ()2.ip for T = oo and u £ Cq°. This in turn is obtained from 
Lemma 13.71 by using a partition of unity and an idea of Agmon (see, for 
instance, |21J). Assertion ii) is obtained from i) by the method of continuity, 
and Assertion iii) is already proved in Theorem 13. 11 The theorem is proved. 

□ 

4. Proof of Theorem 12.31 

The objective of this section is to prove Theorem 12.31 We follow the 
strategy in the previous section. However, the proofs here are more involved. 
Let 

P u = —ut + a tj DijU, 

where 



a 



11 - a 11 {x 1 ), a ij = a? j (t,x l ) for ij > 1. 



Similarly we need a solvability result for equations with these simple leading 
coefficients. 

Theorem 4.1. Let p £ (l,oo) and T £ (—00,00]. Then for any u G 
Wp 1,2 (R^ +1 ) and A > 0, we have 

a IMIl p (4 +i ) + ^W Du Wl p ^ +i ) + W d2u Wl p (^ +i ) + IKIL^k^ 1 ) 

<N\\P u-Xu\\ Lp{K+1) , (4.1) 

where N = N(d,p,5) > 0. Moreover, for any f G L p (M. d+1 ) and A > there 
is a unique u £ PPp' 2 (R^ +1 ) solving 

P u-\u = f in Rp' 1 . 
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Proof. As in the proof of Theorem 13.14 it suffices to prove the a priori esti- 
mate (|4.ip for u G Cq° and T = oo. Let A > and / = Pqu — Xu. Here we 
are not able to directly write Po into a divergence form operator. However, 
this can be done after a change of variables: 

V 1 = 4>(^) := [ da, = x\ j > 2. 

Jo a Ll (s) 

It is easy to see that is a bi-Lipschitz map and 

5 <y X lx x <b~ x , D y i = a 11 (x 1 )D x i. 

Denote 

v(t,y 1 ,y')=u(t,^ 1 (y 1 ),y'), 
a 11 (y 1 ) = a n (r 1 (y 1 )), 

a l J(t,y 1 ) = aV(t,r 1 (y 1 )), ij > h 
f(t,y) = f(t,<p-\y l ),y'). 

In the (t, y)-coordinates, define a divergence form operator Po by 
P v = -v t + D 1 (^Dtv) +^2 D J ( ^4r- D l v ) + E D j(a ijD i v )- 

^ a ' j=2 V a / jj =2 

It is easily seen that Po is uniformly nondegenerate with an ellipticity con- 
stant depending only on S. A simple calculation shows that v satisfies in 
R d+i 

P v -Xv = f. 

By Proposition IA.ll we have 

X\\v\\ Lp + Vx\\Dv\\ Lp <N\\f\\ Lp . 

Therefore, 

X\\u\\ Lp + VX\\Du\\ Lp <N\\f\\ Lp . (4.2) 
Next we estimate D 2 u. Notice that for each k = 2, d D k v satisfies 

P (D k v) - XD k v = D k f. 
Again by using Proposition IA.ll we get 



\\D yyk v\\ Lp < N\\f\\ Lp , 

which implies 

\\D xx ,u\\l p < N\\f\\ Lp . (4.3) 

Finally, to estimate Dfu, we return to the equation in the original coordinate 
system. From (|3.2p . we see that w := D\u satisfies 

-wt + D^D^ + A^w-Xw = DJ+Y^ D 1 ((<% - a^)D ijU ) . (4.4) 

ij>i 
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We use Proposition I A. II again to get 

\\Dlu\\ Lp < \\Dw\\ Lp < N\\f\\ Lp \\Diju\\L P - (4.5) 

ij>i 

Combining (14.2p . (14.3P and (14.5P yields (14. ip by bearing in mind that 

n t = a ij DijU - An - /. (4.6) 

The theorem is proved. □ 

Observe that in the proofs of Lemma 13.61 Theorems 13.41 and 13.51 we only 
used the solvability of parabolic equations with "simple" leading coefficients 
and the fact that a %1 are independent of x'. Since Theorem 14. II is proved, we 
still have (13. 4p if Assumption 12 . 1 1 i) in Theorem [33] is replace by Assumption 
I2.1l ii) . More precisely, 

Theorem 4.2. Let d > 2, p £ (1, oo) and let a be the constant in Lemma 
EOl 7 > ; r, a £ (1, oo), l/r + 1/a = 1. Assume U = c = and u £ Wp 2 . 
Then under Assumption \2. 1\ fa) ii) and Hi) there exists a positive constant 
N depending only on d, p, 5, and r such that, for any (to,Xo) G 
r G (0, oo), and k > 4, we have 

(\Dl,u(t,x) - (Dlu) Qr(t0 ^) < (\Pu\n QKr{to , xo) 



Q r (to,Xo) 
T 



provided that u vanishes outside Qr ■ 

Lemma 4.3. Assume b 1 = c = 0. For any p £ (l,oo) there exists a 71, fi\ 
and N, depending only on d, 8 andp, such that under Assumption \2.1\ fax) 
ii) for any u £ Cq } (Q ix -i Ro ), we have 

\\D 2 u\\l p + \\ut\\ Lp < N\\Pu\\ Lp + N\\D 2 x ,u\\ Lp . (4.7) 
Proof. Because w = D\u satisfies (|4.4p . due to Proposition IA.2I we have 

\\Dlu\\ Lp < \\Dw\\ Lp < N\\f\\ Lp + \\DiMK- 

ij>i 

This and ([46]) with A = yield 

IM| Lp + \\D 2 u\\ Lp < N\\f\\ Lp + J] \\D ijU \\ Lp . 

ij>i 

To finish the proof of (I4.7P , it suffices to use (13. 9p . □ 

By using Theorem 14.21 and Lemma 14. 3[ we can prove Theorem 12.31 in 
exactly the same way as in the proof of Theorem 12.21 We omit the details. 
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5. AN EXTENSION TO PARABOLIC SYSTEMS 

The objective of this section is to extend Theorem l2.2l to parabolic systems 
under the same regularity assumption on the leading coefficients. Let m > 2 
be an integer. We consider parabolic operators in nondivergence form 

Pu = -ut + A aP D af} u + B a D a u+Cu, 

acting on (column) vector- valued functions u = (u l , . . . , u m ) T . Here for each 
a,P = 1, d, A a @ , B a and C are m x m matrix- valued functions given on 
R d+1 ; i.e., A a P = [A?f(t,x)] mXm , etc. 

As in the scalar case, all the coefficients are assumed to be bounded and 
measurable, and A 01 " are uniformly elliptic, i.e. 

\B a \ + \C\ < K , \Af\<8~\ 

m d dm m d ~\\ 

*££iei 2 < £ E<(^)^<^££i£j 2 ! 

i=l a=l a,(3=l i,j=l i=l a=l 

for all (t,x) G R d+1 and £ a = G R m , a = 1, . . . , d. Additionally, we 
assume A^ 1 is symmetric matrix for /3 = 2, . . . , d. 

Similarly we also define the objects A 11 , A l ^,ij > 1, A^f and as in 
Section [2j 

Assumption 5.1 (7). There exists a positive constant Rq such that 

A%f + Al< 7. 



Denote 
where 



P u=-ut + A a ^D^u, 



A 11 = A u (t), A a/3 = A a/3 (t, x 1 ), a/3 > 1. 
First we give a counterpart of Theorem 13.11 

Theorem 5.2. Let p G (l,oo) and T G (—00,00]. Then for any u G 
Wp' 2 (R^ +1 ) and \>0, we have 

x W u h P (K* +i ) + v ^II jDu IIl p (k^+ i ) + II jD2 ' !x IIl p (k^+ i ) + IKIIl p (k^ +i ) 

< N\\P u- \ U \\ Lp{RdT+1) , 

where N = N(d,m,p,5) > 0. Moreover, for any /G L p (IR^ +1 ) and A > 
there is a unique u G W"p' 2 (K^ +1 ) solving 

P u-Xu = f m 

Proof. The proof is almost the same as that of Theorem 13.11 So we only 
give a few comments. The only difference is that instead of Theorem 5.5 of 
|22j . we use a system version of it, which can be found in Theorem 3.1 of 
[8]. Here the symmetric condition of A^,(3 = 2,...,d is needed to apply 
Proposition IA.31 □ 
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Remark 5.3. The results in [El IIS E51 GB] rely on the ^'Solvability 
proved in [18] for parabolic equations with a u depending only on (^x 1 ). 
The extension of the latter to parabolic systems is unknown to us, except 
for the one space dimensional case. So is the corresponding extension of 
W% -solvability to elliptic systems. This is because the proof in [18] uses the 
maximum principle, which is only valid for scalar equations. 

The key estimate in this section is the following lemma, which is a gen- 
eralization of Lemma 13.31 We note that, since we are dealing with systems, 
the Krylov-Safonov estimate does not apply. 

Lemma 5.4. Let p £ (l,oo), d > 2, n > 2, and r > 0. Assume that 
u £ Cq° and Pqu = in Q Kr . Then for any a £ (0, 1), there exist constants 
N = N(d, m,p, S, a) such that for any multi-index 7 = (7 , 7') 

/ \D' f 'u-(D^u) Qr \ p dxdt<Nn- pa (\D' f 'u\ p ) . (5.2) 

Proof. As in the proof of Lemma 13.31 without loose of generality, we may 
assume I7I = 0. We again use the fact that Pqu can be rewritten into a 
divergence form: 

d d 
-ut + Di(A n D 1 u) + ^20/3 {{A 113 + A l31 )D 1 uJ + £ D p {A^D a u). 

(3=2 a,(3=2 

Now (|5.2p follows from Proposition IA.4I The lemma is proved. □ 

Remark 5.5. We claim a more general estimate: under the assumptions of 
Lemma 15.41 we have 



/ \D^u- {D^u) Qr \ p dxdt < N K - pa (\D^D^'u\ p ) . 

JQ r " ^ ' Qk,t 

provided that 7 1 = or 1. Indeed, it suffices to consider the case 7 1 = 1 
and 1 7' I = 0. This case can be proved by using the iteration argument in the 
proof of Lemma 4.2 [10] and the Poincare's inequality. We leave the details 
to the interested reader. This estimate will not be used in the sequel. 

With Theorem 15.21 and Lemma 15.41 available, we can obtain analogous 
results of Theorems 13.41 and 13.51 Following the lines of Section [3l we get the 
following solvability result, which is a generalization of Theorem 12.21 

Theorem 5.6. For any p £ (l,oo), there exists aj = ^{d,m,5,p) > such 
that under Assumption \5.1\ (j) for any T £ (—00, +00] the following holds, 
i) For anyu£ Wp' 2 (R^ +1 ), 

A HIl p (j4 +1 ) + ^W Du Wl p (k* +1 ) + W d2u Wl p (r* +1 ) + HHl p (m^ +1 ) 

< N\\Pu- \u\\ LpiMd +i y 

provided that A > Ao, where Xq > depends only on d,m,5,p, K and Rq, 
and N depends only on d, m, 5 and p. 
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ii) For any A > Ao and f € L P (K^ +1 ), there exists a unique solution 
u£ Wp' 2 (R* +1 ) of 

Pu- Xu = f in M. d+1 . 

Hi) In the case that A 11 = A u (t), A af5 = A af3 (t, x 1 ), a/3 > 1 and V =c = 
0, we can take Xq = in i) and ii). 

We remark that Theorem 15,61 is new even when p > 2. It is also worth 
noting that under Assumption 15.11 (7) solutions of the parabolic systems 
are Holder continuous if p > (d + 2)/2. Unlike scalar equations, for which 
we have the Krylov-Safonov Holder estimate, generally this property is not 
possessed by solutions to systems (see, for instance, |26j). 

6. Hierarchically partially BMO coefficients 

We consider in this section parabolic equations with more general coeffi- 
cients. The assumption is that for ij > 1 a %3 are measurable in (t, x , . . . , x Wij ) 
and BMO in the other coordinates, where 

■Kij = m&x(i,j) - 1. 

In addition, we suppose a 11 is measurable in t (or x 1 ) and BMO in the other 
coordinates. More precise assumptions are stated below. To the best of our 
knowledge, this class of coefficients has been considered before. 

11 4^ 11 4fc 

We recall the definition of a R ^ and a R ^ in the introduction. For R > 0, 
we denote 

a^= sup sup sup t \a lJ '— a l ^\ dxdt, 

(t ,x )m d + 1 r<R(i,j)^(l,l) JQ r (to,x ) 

where for each Q r (to,xo) and ^ (1, 1), 

a ij = a ij {t,x l ,...,x^) 

= / a i i(t,x\...,x^,y^+ 1 ,...,y d )dy^ +1 ...dy d . 

We impose either one of the following assumptions on a 13 . 
Assumption 6.1 (7). There exists a positive constant Rq such that 

Assumption 6.2 (7). There exists a positive constant Rq such that 

Clearly the assumptions above are weaker than those in Theorems 12.21 and 
12.31 in terms of the regularity of a 13 for % > 2 or j > 2. 

Following the idea in Section [3] and [U to prove the IFp' 2 -solvability of 
nondivergence form equations under these assumptions, in Subsection [6J] we 
first establish the corresponding ^-solvability of divergence form equations 
under the same assumptions on the coefficients. In Subsection 16.21 we prove 
the solvability for nondivergence equations. 
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6.1. Solvability of divergence form equations. Let us consider the 7~Lp- 
solvability of parabolic equations in divergence form: 

Vu — \u = divg + /, 

where A > is a constant and 

Vu = -u t + I) ,1a' ' I), n ) + D^u) + PDiU + cu, 

g=(g\g 2 ,...,g d ). 

We assume the same boundedness and ellipticity condition on a lJ , b l and c 
as in the introduction. We also assume that a 1 are measurable and bounded 
by K. 

Theorem 6.3. Let p £ (l,oo), there exists a constant 7 = j(d,p, S) > 
such that under Assumption \b\l\ h) (or \6. 6 A h)) for any T G (—00, +00] the 
following holds. 

i) For any u G ft£(R£ +1 ), 

X \H Lp (M d + 1 ) + ^\\ Du \\l p {^+ 1 ) ^ N(V\+ l)\\Vu - Aulljj-i^d+i) 

provided that A > Ao, where Ao > depends only on d, p, 5, K and Rq, and 
N depends only on d, p and 5. 

ii) For any A > Ao and f,g £ L P (IR^ +1 ) ; there exists a unique u £ 
nl(R.T +1 ) solving 

Vu — Xu = f + div g 
in . And u satisfies the estimate 

a IMIl p (4 +1 ) +^W Du \\L v {m d + 1 ) ^ N ^\\9\\ Lp (R d T +1 ) + N ^h p (M. d T +1 y 
Hi) In the case that a 11 = a ll (t) (or a 11 = a 11 (x 1 ) respectively), and 
a ij = a ij {t, x 1 ,..., ij > 1, a? = V = c = 0, 

we can take Aq = in i) and ii). 

The theorem above generalized the main result of [7j. The idea in the 
proof is to "break the symmetry" of the coordinates. 

For simplicity, we only give a proof of Theorem 16.31 when d = 3, or d > 3 
and TTij is replaced by Wij := min(7Tjj,2). The general case can be proved 
by an induction. We remark that the assumptions of Theorems 12.21 and 
12.31 (and those in [7], [10]) correspond to the case when mj is replaced by 
mia(wij, 1). 

First let us consider the situation that Assumption 16.21 holds. We have 
the following corollary of Proposition IA.2I 

Corollary 6.4. Let p £ (l,oo) and g £ L p . Suppose a 1 = b l = c = 0. Let 

fi\ and 71 be the constants in Proposition \A.2i Then there exist constants 
£ [yui, 00), 72 G (0,71] and N depending only on d,p and 6 such that, 



SOLVABILITY OF SECOND-ORDER EQUATIONS 19 

under Assumption \6.£\ (^2) with tt^ in place of irij, for any u G Co°(Q At - 1 ij ) 
satisfying Vu = div g, we have 

d 

\\Du\\ Lp <N\\g\\ Lp +NY / \\D j u\\L P - 

i=3 

Proof. Let ^2 = fJ-ifJ- and 72 = /U~ 4 7i, where ^ G [l,oo) is a number to be 
specified later. Denote 

u(t, x) = u(/j,~ 2 t, /i~ 1 x 1 , [i~ x x 2 , x 3 , . . . , x d ). 

It is clear that u G ^^(Q^-i^), and u satisfies 

2 2 
-/x 2 u t + ^ Dji^a^Diu) + ^2^D j {^a i W i u) xJ 

i,j=l i=l j>2 

2 

+ 5]5]D 3 (^A«)+ J] D^Diu) =div(5), 

j=l i>2 i>2J>2 

where 

o« = a ij '(^- 2 t, /x~V, /^x 2 , x 3 , . . . , 

3* = ng\iT 2 t, fi^x 1 , fi^x 2 , x 3 , x d ), i = l,2, 

f = g i (fj,- 2 t,fj,- 1 x 1 ,n~ 1 x 2 ,x 3 ,...,x d ), i > 2. 

Simple calculation shows that a 13 satisfy Assumption 16.21 (71) with in 
place of 7Tjj. 

We define an operator *p by 

2 d 

= - Ut +Y J D 3 {a ij D iU ) + D]u. 

i,j=l j=3 

Then we have 

tyu = div g, 

where 

g k = fj,- 2 g k - fi- 1 a tk D lU , k = 1,2, 

i>2 

2 

g k = jj- 2 g k - yT 1 ^ & ik DjU - fi~ 2 ^ a*A« + D k U, k > 3. 
i=l i>2 

Since the coefficients of *p satisfy Assumption 12.11 (71) ii) and iii), we get 
from Proposition IA.2I that 

which implies 

2 2d 
i=l i=l i=3 
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where Ni = N±(d,p,S) > 0. To finish the proof, it suffices to choose \i = 

Because of Corollary 16.44 we only need to obtain a good estimate of 
for j > 3. Following the lines of Section 5 [7], we have the next 
estimate of mean oscillations. 

Lemma 6.5. Let a 1 = b % = 0, c = 0, a, r G (l,oo) satisfying 1/a + 1/r = 
1. Assume u G 7~t\ loc and Vu = divg, where g G L2j oc - Then under 
Assumption \6.2\ h) with tt^ in place ofnij, there exist ana = a(d,5) G (0, 1) 
and a positive constant N depending only on d, a and 5 such that 

£ - (AuW ,, o) |% r( ^ o) < Nu^ {\Du?) Q ^ xo) 

i=3 



+ Nv d+2 ((\g\ 2 ) QMt0 , X0) +^(\Du\^; r{t(hXo) ) , 



for any r G (0, oo), v > 4 and (to,Xo) G M , provided that u vanishes 
outside Qr q . 

Theorem 6.6. Let p > 2, a 1 = b % = c = 0. Let p>2 and 72 be the constants 
in Corollary \6.4\ Then there exists a constant 73 G (0, 72] depending only 
on d,p and d such that under Assumption \6.S\ (73 ) with fry in place oftr^, 
for any u G Cq 3 (Q ii -i Ro ) and g G L p satisfying Vu = div g, we have 

\\Du\\ Lp < N\\g\\ Lp . 

Proof. Fix v > 4 and 73 G (0, 72] to be specified later. Let a be the constant 
in Lemma 16.51 and choose r > 1 such that p > 2t. Lemma 16.51 implies 

d 

^(Au) # < Nu~ a (M(\Du\ 2 )) 1/2 + Nu^l 2 (M(M 2 )) 1/2 

+Nu (d + 2)/2 1 l/{2.) ( M( | jDu |2r )) l/(2r)_ 

By using the Fefferman-Stein theorem on sharp functions, and the Hardy- 
Littlewood maximal function theorem, we get 

E HA«IU P < N{v-« + v^H'^WDuU, + Nu^/%\\ Lp . (6.1) 

Since 73 G (0,72] and u G C^°(Q fi -i Ro ), estimate (16. ip and Corollary 16.41 
give 

\\Du\\ Lp < Ar(^- + ^+ 2 >/ 2 ^^ 2CT >)||^|U p + ^( rf + 2 )/ 2 |b|U p . (6.2) 
We take v sufficiently large, and 73 small such that in (|6.2p 

7V(^ + ^+ 2 )/ 2 73 1 /^)<l/2. 
The theorem is proved. □ 
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We are now in the position to prove Theorem 16.31 

Proof of Theorem \6.3[ Recall that for simplicity we replace tt^ in the as- 
sumption by TTij. The general case can be done by an induction. 

The case p = 2 is classical. Suppose that Assumption 16.21 is true. For 
p > 2, the result follows from Theorem 16.61 by using a partition of unity and 
an idea by S. Agmon; see, for instance, [ST] . The case 1 < p < 2 follows 
from a standard duality argument. 

For the remaining case that Assumption 16.11 is true, we follow the ar- 
gument in this subsection and use the results in [10] instead of [7]. The 
theorem is proved. □ 

As before, we have the following solvability result for elliptic equations in 
divergence form: 

Cu — Xu = div g + /, 
where all the coefficients are time-independent and 

Cu = Dj(a ij Diu) + D i (a i u) + WD^ix + cu. 

Theorem 6.7. Let p G (l,oo), there exists a constant 7 = 7(d,p, 5) > 
such that under Assumption \6.£\ (j) the following holds. 

i) For any u G W^(R d ), 

M\ u h p (T&d) + V\\\Du\\ Lp ( Rd) < N(VX + l)\\Cu - Xu\\ m -i (Rd) 

provided that A > Ao, where Xq > depends only on d, p, 5, K and Rq, and 
N depends only on d, p and 5. 

ii) For any A > Ao and /,j e L p (M. d ), there exists a unique u G W^(lR a! ) 
solving 

Cu — Xu = f + div g 
in M d . And u satisfies the estimate 

*Nlz„(R*) + ^\\ Du \\L p (^ d ) ^ N ^\\9h p (^) + N \\f\\L p (Rd). 

iii) In the case that 

a 11 = a ll (x 1 ), a ij = a ij (x\ . . .,x^), ij > 1, a? = b> = c = 0, 
we can take Xq = in i) and ii). 

6.2. Solvability of nondivergence form equations. We prove in this 
subsection the following solvability theorems, which generalize Theorems 
12.21 and 12.31 respectively. 

Theorem 6.8. For any p G (l,oo), there exists a 7 = j(d,5,p) > such 
that under Assumption \6.1\ (j) for any T G (—00, +00] the following holds, 
i) For any u G Wp ,2 (Mp- 1 ), 

a IMIl p (4 +i ) + ^II^IIl^m^ 1 ) + II^IImr^ 1 ) + IMI.M14+ 1 ) 

<N\\Pu-Xu\\ d+1 (6.3) 
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provided that A > Ao, where Ao > depends only on d,8,p,K and Rq, and 
N depends only on d, 8 and p. 

ii) For any A > Ao and f G L p (My +1 ), there exists a unique solution 
u G W P 1,2 (M^ +1 ) of equation dTTTJ in R^ +1 . 

Hi) In the case that a 11 = a n (i), and 

a ij = a ij {t, x 1 ,..., x w «), ij > 1, = c = 0, 
we can take Xq = in i) and ii). 

Theorem 6.9. For any p G (l,oo), there exists a 7 = j(d,8,p) > such 
that under Assumption \6.2\ (j) for any T G (—00, +00] the following holds. 

i) For any u G W p ' (M^ +1 ) ; we /lave ()6.3[) provided that A > Ao, where 
Ao > depends only on d,S,p,K and Rq, and N depends only on d,8 and 
p. 

ii) For any A > Ao and f G L p (M. d ^ rl ), there exists a unique solution 
u G W P 1,2 (M^ +1 ) of equation {□} in 

Hi) In the case that a 11 = a ll (x l ), and 

a ij = a ij {t, x 1 ,..., > 1, = c = 0, 

we can take Xq = in i) and ii). 

As a consequence of Theorem 16.91 we have the following solvability theo- 
rem for elliptic equations. 

Theorem 6.10. For any p G (l,oo), there exists aj = j(d,8,p) > such 
that under Assumption \6.2\ (y) the following holds. 

i) For any u G Wp(R d ), we have 

MH\ Lp (Ri) + VX\\Du\\ Lp{Rd) + \\D 2 u\\ Lp( ^ d) < N\\Lu - Xu\\ Lv{Rd) , 

provided that X > Xq, where Ao > depends only on d,5,p,K and Rq, and 
N depends only on d, 8 and p. 

ii) For any X > Xq and f G L p (R d ), there exists a unique solution u G 
W^(M. d ) of equation (JOJ) inR d . 

Hi) In the case that a 11 = a 11 (x 1 ), and 

a v = a ij (x\ x**'), ij > 1, V = c = Q, 

we can take Xq = in i) and ii). 

We will only prove Theorem 16.91 The proof of Theorem 16.81 is similar and 
actually simpler. We make a few preparations before the proof. 
Denote 

Pqu = -u t + a v DijU, 

where a 11 = a 11 (x 1 ) and a iJ = a l i{t,x l , . . . ,x Wi: >) for ij > 1. We first estab- 
lish a solvability result for equations with these simple leading coefficients. 
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Theorem 6.11. Let p G (l,oo) and T G (—00,00]. Then for any u G 
Wp' 2 (M^ +1 ) and A > 0, we have 

X W u \\l p (r* +1 ) + ^\\ Du \\l p (r^ +1 ) + II^^IIl^r^ 1 ) + II^Hl p (4 +1 ) 

<N\\P u-Xu\\ Lp{M a +i) , (6.4) 



where N = N(d,p,5) > 0. Moreover, for any f G L p (R^ +1 ) and A > th 
is a unique u G Wp' 2 (IRy +1 ) solving 

P u-Xu = f in Mp- 1 . 

Proof. We follow closely the proof of Theorem 14.11 and recall that we only 
need to prove (|6.4p for u G Cq° and T = 00. We make a change of variables 
as in the proof of Theorem 14.11 Denote 

a 11 (y 1 ) = a 11 (r 1 (y 1 )), 

a«(t,y) = a"(t,<l>- 1 (y 1 ),y 2 ,...,y"«), ij > 1, 
f(t,y) = f(t,<p- 1 (y 1 ),y'). 

Define a divergence form operator Pq in the (t, y)-coordinates by 
P 0V = - Vt + Dl (^Jhv^ + £ D j (^±£- Dl v^ 

d 

Ki<j i=2 

Clearly, t> satisfies in 

- Xv = f. (6.5) 

This is a divergence form equation, which satisfies the condition of Theorem 
iii). Thus, we have 



ere 



X\\v\\ Lp + JX\\Dv\\ Lv <N\\]\\ Lv . 

Therefore, 

X\\u\\ Lp + VX\\Du\\ Lp <N\\f\\ Lp . (6.6) 
In order to estimate the second derivatives, notice that D d v satisfies 

P (D d v) - XD d v = D d f. 
Again by Theorem 16.31 iii). we get 

\\D yyd v\\ Lp < N\\f\\ Lp , 

which implies 

\\D xxd u\\L p < N\\f\\ Lp . (6.7) 
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Next, we estimate D xx d-iu. Upon moving the terms involving D d to the 
right-hand side of (16.5H . adding D\v to both sides of (|6.5p . and taking one 
derivative in y d -\ on both sides, we get 

d-i 

Pl(D d ^v) - \D d _iv = D^J-Y^D^i [(a id + a di )D ld v) 

i=i 

-n Ad^j + Aj-i((1 " a dd )AR 

where Pi is defined by 

P x v = -v t + Dr (^s) + £ Dj A«) 

d-1 

+ ^ D i ((a^ + a^ i )Av)+X)A(a << A-«)+ J Dd u - 

Ki<j<d i=2 

By Theorem 16.31 iii). we get 

\\D yyd -iv\\ Lp < iV||/||i p + N\\D yyd v\\ Lp , 
which together with (|6.7p implies 

|| A^-Hk P < Wllv 

We can repeat this procedure d — 1 times, and then obtain 

\\D xx ,u\\l p < N\\f\\ Lp . (6.8) 
Finally, from (|3.2p . we see that u; := -Dili satisfies 
-tot + D^Dmj) + A d _ lU ; - Xw = D t f + ^ D x ((<% - o«)Ai«) • 

We use Theorem 16.31 iii) one more time to get 

||A 2 «lk < II^IUp < ^ll/IUp II A^I|i P . (6.9) 

ij>l 

Combining (16.61) . (16. 8)1 . (16. 9p and (14. 6p yields (|6.4p . The theorem is proved. 

□ 

In the sequel, we again only consider the case d = 3, or d > 3 and -k^ is 
replaced by 7fjj in Assumption 16.21 Like before, the general case follows by 
an induction. 

Theorem 6.12. Let d > 2, p G (1, oo), 7 > ; r, <r G (1, 00) satisfying l/r + 
1/cj = 1. Assume b l = c = and u, G Wp' 2 . Then under Assumption \ 6.2 
(j) with TTij in place of n^, there exist positive constants a = a(d, 5) G (0, 1) 
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and N depending only on d, p, 5, and r such that, for any (to,xo) G 
r £ (0, oo) ; and k > 4, 

£ (\DMt,x) - (D*u) Qr{to , xo f) Qr{toxo) < A^+ 2 (\Pu\n QKr(to , Xo) 

d 

+ NK d +W ,a (\D 2 urf' T (t ,+NK-^Y(\Dlu\ P )n n 

1 VI i /Q Kr (to,xo) VI » l /Q rer (to,a;o) ' 

i=3 

provided that u vanishes outside Qr q . 

Proof. The proof is similar to that of Theorem 13.51 by using Theorem 16.111 
instead of Theorem 13.11 We omit the details. □ 

Lemma 6.13. Assume b l = c = 0. For any p £ (l,oo) there exists a 72, ^2 
and N , depending only on d, 5 andp, such that under Assumption \6.S\ (^2) 
with nij in place of tt^, for any u £ Cq° (Q ^-1 Ro ) we have 

d 

\\D 2 u\\ Lp + \\u t \\ Lp < N\\Pu\\ Lp \\DMl p - (6.10) 

i=3 

Proof. Set / = Pu. Note that u satisfies 

2 d 

-u t + a ij D ijU + J2 D i u = f + Yl ( S v ~ a ' lj ) D ij u - 

i,j=l i=3 max(i,j)>2 

The coefficients on the left-hand side above satisfy Assumption 12.11 (72) ii) 
and iii) . Thus by Theorem 14.21 and Lemma 14.31 for 72 sufficiently small and 
\i2 sufficiently large depending only on d, 8 and p, we have 

\\ut\\ Lp + \\D 2 u\\ Lp < N\\f\\ Lp + N Yl \\D ijU \\L p . 

max(i j')>2 

By an inequality similar to (13. 9p we reach (|6.10j) . The lemma is proved. □ 

Proof of Theorem \6.8[ Assume for the moment that in Assumption 16.21 7Ty 
is replace by ffjj . We first establish a counterpart of Lemma 13.71 by using 
Theorem 16.121 and Lemma [6. 131 After that we prove the theorem by arguing 
as in the proof of Theorem 12.21 The general case follows by an induction. 
The theorem is proved. □ 

Appendix A. Estimates for divergence form equations 

For reader's convenience, in the Appendix section, we recall a few results 
obtained in [7] and [10] for divergence form parabolic equations and systems. 
These results have been used in this paper. 

First, consider parabolic equations in divergence form: 

-u t + Dj(a ij Diu) - Xu = div g + /, (A.l) 
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where A > is a constant and g = (g 1 ,^ 2 , • • • ,g d )- We assume the same 
boundedness and ellipticity condition on a %3 as in the introduction. 

Proposition A.l (Corollary 5.5 of [7]). Let p G (l,oo), T G (—00,00], and 
f,g G Lp(M^ +1 ). Assume that a 11 = a 11 (x 1 ) and a ij = a ij (t,x l ) for ij > 1. 
Then there exists a constant N > 0, depending only on d, p and 5, such that 
for any u G %i(Ry 1 ) satisfying (lA.lj) we /lave 

provided that A > 0. In particular, when A = and f = 0, we /lawe 

W^Wl^ 1 ) ^ iV ll5llL p (^+ 1 )- 

The following result follows directly from the proof of Theorem 2.5 [7J. 

Proposition A. 2. Let p G (l,oo), A = 0, / = and g G L p . Then there 
exist constants 71, N and fii > depending only on d, p, and 5, such that 
under Assumption \2. 1\ (ji) ii) and Hi) the following holds. For any u G 
vanishing outside Q^- 1 ^ & n d satisfying (lA.lh in M. d+1 , we have 

\\Du\\ Lp < N\\g\\ Lp . 

Next, we consider parabolic systems in the form 

-ut + D a (A a/3 D/3u) - \u = div g, (A. 2) 

where u = (n 1 , . . . , u m ) T , 

9a = (gL ■ ■ ■ , 9aT ', a = l,...,d, 

and A aP = [Aff]f >j=1 satisfies (HH]). Moreover, we suppose 

A 11 = A u (t), A afi = A^fax 1 ), a/3 > 1. 
The proposition below is a special case of Theorem 5.1 |10| . 

Proposition A. 3. Let p G (l,oo) ; A G (0,oo) ; T G (—00,00] and g G L p . 
Suppose that u£ ^(R^ +1 ) satisfies (|A2l) inR 1 ^ 1 . Then, 

\\ Du \\L p (R d T +1 ) + ^\\ U \\l p (R* +1 ) ^ N W9\\L p (R d T +1 )> 

where N = N(d, m, 5, p) . 

The following Holder estimate is proved in [TO] by using a bootstrap ar- 
gument. 

Proposition A. 4 (Lemma 6.3 [TO])' Let p G (l,oo). Assume u G Cf^ c 
satisfies (]A.2p in Q2 with A = and g = 0. Then for any 7 G (0, 1), we 
have 

Il' u llc7/2,7(Q 1 ) + l|Ac''«'|lc^/ 2 ^(Qi) - N \\ u \\l p (Q 2 )i 

where N = N(d,m,5,'y,p). 
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